Abstract. In this paper the convergence of the cascade algorithm in a Sobolev space is considered if the re nement mask is perturbed. It is proved that the cascade algorithm corresponding to a slightly perturbed mask converges. Moreover, the perturbation of the resulting limit function is estimated in terms of that of the masks.
x1. Introduction
In this paper we are concerned with the following problem: Given a compactly supported multivariate re nable function , how does perturbation of its nite re nement mask a ect the convergence of the cascade algorithm? Further, if the cascade algorithm for the perturbed mask also converges, how the resulting limit function is related with ?
We say that a compactly supported function is M-re nable if it satis es a re nement equation (1:4) there exists a unique compactly supported distribution a with b a (0) = 1 satisfying (1.1) (see e.g. 1]). Throughout the paper we assume that the condition (1.4) holds for the re nement masks considered. Before posing the problem more explicitly, we need to verify some notations. f(2 ) = 0 8 2 Z Z s nf0g and j j ng: (1:6) The cascade algorithm plays an important role in computer graphics and wavelet analysis. The convergence of cascade algorithm has been studied by many authors. Cavaretta, Dahmen and Micchelli 1] already found necessary and su cient conditions ensuring that the subdivision scheme related to a nitely supported re nement mask with dilation matrix M = 2I converges to a continuous limit function. Jia 12] 
Here the constant C is depend on the re nement mask a under consideration as well as on p; 1 p 1. However, it is independent of the perturbed mask b and of k.
In this paper we want to generalize the above result to cascade algorithms converging in Sobolev spaces.
In Section 2, we recall from 3] a characterization of convergence of cascade algorithms in W n p (IR s ) in terms of joint spectral radius. In Section 3 we construct a special initial function satisfying a useful stability property. Moreover, an implicit relation between the boundedness and convergence of a cascade algorithm in di erent Sobolev spaces is established. Section 4 is devoted to a generalization of (1.7) to Sobolev spaces.
x2. Joint spectral radii
In the study of convergence of the cascade algorithm, the joint spectral radius of linear operators is an useful tool. The uniform joint spectral radius was employed in 5] to investigate the regularity of re nable functions. For 1 p < 1, the p-joint spectral radius was introduced and applied to the study of L p -convergence of cascade algorithms by Jia 12] . We cite from 12] the de nition of p-norm joint spectral radius for the convenience of the reader.
Let V be a nite-dimensional space with norm jj jj. (1) V n is invariant under A " ; " 2 E; (2) p A " j V n \`(K) : " 2 E < m ?n=s+1=p ; where K is given in (2.7).
We have seen that the set K is important in the above characterization. The following result tells us its importance when we consider the action of operators A " ; " 2 E, on the sequences with supports contained in any xed nite set K 1 Z Z s : Lemma 2.2. Let K be de ned by (2.7). Then for any nite set K 1 Z Z s , there is a positive integer j such that A " j A " 1 v 2`(K) 8v 2`(K 1 ) and " 1 ; : : : ; " j 2 E: (2:9) Consequently, for any integer k > j Proof. For = a k , the corresponding function g equals to Q k a 0;n by (2.5) . If the sequence (Q k a 0;n ) k 1 is bounded in W n p (IR s ), then (3.5) directly follows from the rst inequality in ( (1) The space V n is invariant under A " for all " 2 E, i.e., for v 2 V n it follows that A " v 2 V n .
(2) The re nement mask a satis es the sum rules of order n + 1, i.e., for any
Moreover, the assertions (1) and (2) are equivalent. The equivalence of (1) and (2) If a sequence a 2`0(ZZ s ) satis es (1.4) and (3.6), we say that a satis es the sum rules of order n + 1. We can now show the following relation. 8" 1 ; " 2 2 E and j j n ? 1:
For n = 1, (3.7) has been proved in 10]. We shall prove (3.7) by induction on n. Assume that (3.7) holds for n = n 0 . If it is not true for n = n 0 + 1; then there are " 1 ; " 2 2 E and 2 Z Z s + with j j = n 0 such that p " 1 ; 6 = p " 2 ; . We shall show that this leads to a contradiction. Thus, the induction assumption (3.7) for n = n 0 implies now that h 1; ( ) = p "; ( ) 8 ; j j n 0 ? 1; 8" 2 E and 2 Z Z s :
Consequently, for any 2 Z Z s + with j j = n = n 0 + 1; we have h 1; = 0; < : Moreover, by the assumption that p " 1 ; 6 = p " 2 ; for some " 1 ; " 2 2 E and some j j = n 0 , we have a 2 Z Z s + with j j = n and an 2 Z Z s such that h 1; ( ) 6 = 0:
On the other hand, the induction relation of a k tells us that for 2 Z Z s 
x4. Perturbations of refinement masks
In this section we shall show the convergence of the cascade algorithm corresponding to a slightly perturbed re nement mask. Moreover, the perturbation of the re nable limit function a ected by the perturbation of re nement mask is studied. 
It follows from the triangle inequality that Hence, taking into account the result of Theorem 3.5, we only have to estimate the norm k a k ? b k k p for j j = n.
In order to obtain this estimate we rst need: The proof is complete.
